An (n, q, r, s) book is a collection of r-subspaces in PG(n, q) called pages, which cover the whole projective space and intersect in a common s-subspace called the spine such that any point outside the spine is in exactly one page. An (n, q, r, s) book t-spread is a t-spread in PG(n, q) for which there exists an (n, q, r, s) book, such that the points of each page of this book and hence the points of the spine are partitioned by t-subspaces of the t-spread.
State-of-the-art
Apart from their geometric impact, spreads in projective spaces have interesting applications in other areas too. In cryptography they are related to linear ciphers [24] , in Coding Theory they have been used to construct constant dimension codes and spread codes [7, 20, 6] , and to find new counter examples to the hypotheses of Hamada (for which PG(5, 2) spreads were constructed and used) [22] . Constructions of t-spreads might also be of interest for future applications concerning random network coding [18] .
Spreads have been widely studied in the last several decades and quite many constructions have been found [1, 16] . The maximal size of a nontrivial maximal partial spread is an interesting problem that has been considered in [4, 2, 5, 8, 11, 13, 12] . This problem is related to the problem of classifying partial spreads with definite parameters, and hence to the classification of spreads. Plenty of classification results about spreads are known. Van Dam classifies spreads in PG (3, 4) \PG (3, 2) [28] . Jha and Johnson determine the automorphism groups of spreads in PG (3, q) admitting linear groups of order q(q + 1) [14, 15] , and Johnson of those which admit several homology groups of order q + 1 [17] .
Most of the other classifications are mainly computer-aided. Using the GRAPE package within the GAP system Soicher [27] constructs and classifies up to equivalence all partial spreads in PG (3, 2) , PG (4, 2) and PG (3, 3) , all maximal partial spreads in PG (3, 4) and the maximal partial spreads in PG (3, 7) of size 45 and invariant under a group of order 5. Blokhuis, Brouwer and Wilbrink classify all maximal partial spreads of size 45 in PG (3, 7) [3] , and Mateva and Topalova all spreads in PG(5, 2) [21] .
There are papers which present both a theoretical and a computer-aided classification, namely of partial spreads in PG (4, 2) by Gordon, Shaw and Soicher [10] , and of book spreads in PG (5, 2) by McDonough, Shaw and Topalova [23] .
By now book spreads have only been considered in PG (5, 2) [23].
Motivation
Constructive classification of spreads is of interest for any possible applications. With the growth of parameters, however, the number of spreads becomes so big that even if their construction is possible, the advantage of having access to all of them cannot be adequately used. It is much better to have only the spreads which have some predefined properties. In such cases usually spreads with additional 'symmetry' are considered, i.e. spreads with some predefined automorphism groups. Book spreads offer an alternative for consideration of spreads with definite properties. They are spreads with additional 'geometry', namely spreads with a great number of subspaces whose points are entirely covered by spread lines.
Book spreads seem to be a suitable type of spreads to construct because
• they are a small part of all spreads and are thus easier to classify.
• the additional 'geometry' is the reason to expect -a lot of book spreads with rich automorphism groups, -properties which are theoretically predictable.
• the classification of book spreads in PG (5, 2) [23] is quite indicative, namely -only 9 among the 131 044 [21] inequivalent spreads are book spreads, -all the 9 spreads have rich automorphism groups, -there are no other spreads for which at least five 3-dimensional subspaces are partitioned by spread lines, -not only were some properties predictable, but it was possible for Shaw to determine the 9 equivalence classes without the help of a computer [23] .
That is why we decided to classify book spreads in another projective space, and we chose PG (7, 2) , because each page of a (7, 2, 5, 3) book spread might form one of the (5, 2, 3, 1) book spreads which we know from [23] .
The present paper
We first derive general existence conditions for (n, q, r, s) book t-spreads and present a construction of page-cyclic book t-spreads. In the rest of this paper we concentrate upon (7, 2, 5, 3) book line spreads. Building upon the classification in [23] of (5, 2, 3, 1) book line spreads into nine types, we define some types of book (7, 2, 5, 3) spreads and classify some of them by the order of their stabilizers and by invariants including the number of spines and the number of those 5-subspaces and 3-subspaces which are partitioned by spread lines.
Existence of (n, q, r, s) book t-spreads
Of course (n, q, r, s) books and (n, q, r, s) book t-spreads only exist for certain values of the parameters. In order to settle this existence question we first recall in the next subsection certain results about t-spreads by Segre [25] .
On t-spreads

Theorem 1 ([25]). A t-spread exists in PG(n, q) if and only if t
The best known example of a t-spread in PG(n, q) can be obtained in the following way. Let n = (m + 1)(t + 1) − 1 and let PG(m, q 
) is the spine. Since a base is defined for a particular direct sum decomposition (i.e. a particular choice of V n−s ), the book has more than one base.
Theorem 2. An (n, q, r, s) book exists if and only if r − s divides n − s.
Proof. Follows from Lemma 1 and Theorem 1.
In the next lemma let θ (n) = θ (n, q) denote the number of points in a projective space PG(n, q):
(1)
Lemma 2. The number of pages in an (n, q, r, s) book is
where a = (n − s)/(r − s). Proof. As in the proof of Lemma 1 the number of pages equals the size N of a base, i.e. of an (r−s−1)-spread of PG(n−s−1, q). Hence the result (2), since PG(n − s − 1, q) has θ (n − s − 1) points.
On (n, q, r, s) book t-spreads
Theorem 3. An (n, q, r, s) book t-spread exists if and only if the parameters n, r, s, t satisfy the following conditions:
Proof. First, by Theorem 2, condition (i) is necessary for the existence of an (n, q, r, s) book. Second, by Theorem 1, condition
(ii) is necessary for the spine of the book to be coverable by a t-spread. Finally, by Theorem 1, condition (iii) is necessary for each page of the book to be coverable by a t-spread.
Granted condition (i), an (n, q, r, s) book exists. Since n + 1 = r + 1 + s + 1, it follows from (ii) and (iii) that t + 1 | n + 1
and a Desarguesian t-spread D PG(n,q) can be constructed in PG(n, q). It is normal and therefore any subspace of PG(n, q) which is generated by some t-subspaces of D PG(n,q) is covered by t-subspaces of D PG(n,q) . Choosing any covered s-subspace
to be the spine, we obtain that D PG(n,q) is an (n, q, r, s) book t-spread with respect to this spine. In the case q = 2 of an (11, 2, 8, 5) book 2-spread the spine L is a 5-subspace which is covered by a spread S L of 9 planes, each of the 9 pages P being an 8-subspace which is covered by a spread S P of 73 planes, with S L contributing 9 of these. In this q = 2 case we are fortunate in that there is only one kind of 2-spread to choose for the spine [26, Theorem 4.1]!
On page-cyclic book t-spreads
Now even though the number of different kinds of (n, q, r, s) book t-spreads is a tiny proportion of the number of different kinds of t-spreads in PG(n, q), they still usually exist in profusion. So there is some motivation for investigating those book spreads which have extra symmetry due to being page-cyclic book spreads.
Theorem 4. Let S L be any t-spread in an s-subspace L in PG(n, q). Then, provided that conditions (3) hold, there exists a pagecyclic (n, q, r, s) book t-spread whose spine is L and which extends S L to the whole of PG(n, q).
Proof. Let us choose any (n − s − 1)-subspace M disjoint from L; in vector space terms we choose any direct sum decom- 
We next obtain from S P 1 the spreads in the other pages using the permutation defined by A = I s+1 ⊕ B ∈ GL(n + 1, q) which maps the pages to one another in one cycle. Example 2. Page-cyclic (n, 2, n − 2, n − 4) book line spreads exist for each odd n ≥ 5; they have 5 pages. Up to equivalence there are two page-cyclic (5, 2, 3, 1) book spreads, one of them being the Desarguesian spread (t 1 in Table 1 ), and the other one corresponds to t 9 in Table 1 . In the case of a page-cyclic (5, 2, 3, 1) book spread we deal with a direct sum decomposition V 6 = V 2 ⊕ V 4 , see Eq. (4), where l 1 = PV 2 is the spine and M = PV 4 is a 3-space skew to l 1 . Since there is just one conjugacy class of elements A ∈ GL(6, 2) of order 5 [9, Table 5a ], any automorphism of order 5 of the book spread must result from an element of GL(V 6 ) of the form A = I 2 ⊕ B 4 . Now, starting from page P 1 , covered by a spread Table 1 : 362 880/5760 = 63.
In the case of a page-cyclic (7, 2, 5, 3) book spread an automorphism of order 5 either fixes all the five spine lines (see construction by A in the proof of Theorem 4), or maps them cyclically to one another (construction by A ′ in Remark 2).
On (7, 2, 5, 3) book spreads
For the rest of this article we deal only with (7, 2, 5, 3) book spreads. Moreover we restrict our attention just to certain types of these book spreads, and very much depend upon computer assistance to classify them. There are 255 points and 10 795 lines in PG (7, 2) . A spread has 85 lines.
The spine of a (7, 2, 5, 3) book spread is a 3-subspace containing 5 spread lines. Let us denote them l 1 , l 2 , l 3 , l 4 and l 5 . Up to isomorphism there exists a unique line spread of PG (3, 2) . That is why the spine lines can be fixed when we construct (7, 2, 5, 3) book spreads. Any base of a (7, 2, 5, 3) book is also isomorphic to the unique spread of PG (3, 2) . The lines of the base, however, may not be lines of the (7, 2, 5, 3) book spread. The spread of PG(3, 2) is Desarguesian and cyclic. By viewing V (2, 4) as V (4, 2) the 5 points of PG(1, 4) become the 5 lines of a Desarguesian line spread in PG (3, 2) and thus the order of the stabilizer of this spread is |Γ L(2, 4)| = 2|GL(2, 4)| = 360. This automorphism group (the automorphism group of a base) preserves the book, but usually it does not preserve the lines of a (7, 2, 5, 3) book spread.
There are 5 pages. Denote them P 1 , P 2 , P 3 , P 4 and P 5 . Each page is a 5-subspace with 21 spread lines (the 5 lines of the spine and 16 other lines).
The impossibility to classify all book spreads in PG(7, 2) makes us look for spreads with still more 'geometry'. The type of the spreads in the five pages can be used to define the following two kinds of (7, 2, 5, 3) book spreads with additional properties, namely
• (7, 2, 5, 3) 1 : the spread lines in each page form a (5, 2, 3, 1) book spread with spine l 1 , • (7, 2, 5, 3) 2 : the spread lines in page P i form a (5, 2, 3, 1) book spread with spine l i for i = 1, 2, 3, 4, 5. We denote by (7, 2, 5, 3) 1(2) the spreads which are either (7, 2, 5, 3) 1 or (7, 2, 5, 3) 2 and by (7, 2, 5, 3) 1+2 those which are both (7, 2, 5, 3) 1 and (7, 2, 5, 3) 2 spreads.
Below we consider only (7, 2, 5, 3) 1(2) book spreads (without always explicitly mentioning this). That is why we give here some more details on the spreads in the pages. Since up to isomorphism there are nine (5, 2, 3, 1) book spreads [23] , we consider nine types of pages of (7, 2, 5, 3) 1(2) book spreads with respect to the book spreads they contain, namely t 1 , t 2 , . . . , t 9 . Invariants of the corresponding (5, 2, 3, 1) Table 1 The nine (5, 2, 3, 1) book spreads [23] define nine page types of (7, 2, 5, 3) 1(2) book spreads.
book spreads are presented in Table 1 , where |Aut| is the order of the automorphism group, and n i the number of 3-subspaces containing i spread lines. Pages of type t 1 contain the Desarguesian spread in PG (5, 2) .
Define the type of a (7, 2, 5, 3) 1(2) book spread as a 1 a 2 a 3 a 4 a 5 , where t a i is the type of the ith page. (7, 2, 5, 3) 1(2) book spreads obviously imply more additional 'geometry' and are a small part of all (7, 2, 5, 3) book spreads, but full classification is still impossible.
We classify the following:
1. Book spreads of kinds (7, 2, 5, 3) 1 and (7, 2, 5, 3) 2 with isomorphic pages and of types 11111, 22222, 33333 and 99999, since in these cases the rich automorphism groups of the book spreads in the pages result in richer automorphism groups of the constructed (7, 2, 5, 3) 1(2) book spreads and hence in a smaller number of equivalence classes. 2. Book spreads of kinds (7, 2, 5, 3) 1+2 of all possible types.
Since part of the constructed book spreads are page-cyclic, we also make use of the following observation. Proof. The book spread is simple and therefore the spine should be fixed by any of its automorphisms and each of the pages should either be fixed, or mapped to one of the other pages. The (5, 2, 3, 1) book spreads in each page have no automorphisms of order 5 if the page type is t j , j ∈ {2, 3, 4, 5, 6, 7, 8} (see Table 1 -only the automorphism group orders of t 1 and t 9 are multiples of 5) and so no page can be fixed by an automorphism of order 5. It must cycle through all five pages.
Construction of (7, 2, 5, 3) book spreads
The points of PG(7, 2)
The points of PG (7, 2) correspond to the nonzero 8-dimensional vectors over GF (2) which we use to find the subspaces and thus to construct the related designs. We assign these 255 vectors numbers p x such that π (p x ) = x, where x (x = 1, 2, . . . , 255) is the integer whose binary representation yields the vector, and the function π is given by 
The spreads
We denote the spread lines by l 1 , l 2 , . . . , l 85 and construct spreads with the following properties: 4 , and l 5 compose the spine.
• Except for the spine lines, P i contains lines l 16(i−1)+a , where i = 1, 2, . . . , 5 and a = 6, 7, . . . , 21. • Lines l j , l j+1 , l j+2 and l j+3 are from one and the same page of the (5, 2, 3, 1) book spread in
Without loss of generality we fix seven lines of the spread, namely 18 ) and l 22 = (p 64 , p 65 , p 66 ). This fixing is possible because up to isomorphism there is only one spread in PG(3, 2) (lines l 1 , l 2 , l 3 , l 4 , and l 5 ) and the automorphism group of PG(7, 2) which fixes a 3-subspace or a 5-subspace is transitive on the lines.
We use backtrack search to choose the remaining spread lines from a set D of all lines that are skew to each of the fixed seven ones. Their number is 1747 (while all lines of the projective space are 10 795). We apply isomorphism check on the partial solutions after adding the lines of a whole page of the (7, 2, 5, 3) book spread, namely after adding lines l 21 , l 37 , l 53 , l 69 and l 85 .
Rejection of equivalent solutions
To perform the isomorphism test we need some of the automorphisms of PG (7, 2) . Before starting the search we find and save all automorphisms which stabilize the fixed seven lines. Their number is 108. We also find and save for each line of the set D an automorphism mapping it to line l 1 , an automorphism mapping it to l 2 and fixing l 1 , an automorphism mapping it to l 6 and fixing l 1 , l 2 , . . . , l 5 , and an automorphism mapping it to line l 22 and fixing l 1 , l 2 , . . . , l 21 . It is possible to find such Table 2 π . automorphisms because lines l 1 and l 2 define a 3-subspace, and lines l 1 , l 2 and l 6 a 5-subspace. For the lines of the 3-subspace ⟨l 1 , l 2 ⟩ we also find an automorphism mapping them respectively to lines l 3 (fixing l 1 and l 2 ) and l 4 (fixing l 1 , l 2 and l 3 ).
To test the current solution for minimality, we use the above listed automorphisms to map the spread lines to lines l 1 , l 2 , . . . , l 6 in all the possible 85.84.3.2.80 ways (namely l 1 can be chosen in 85 ways, l 2 in 84 ways, l 3 , l 4 and l 5 are chosen among the lines of ⟨l 1 , l 2 ⟩, and l 6 is chosen then in 80 ways). If we obtain this way a lexicographically smaller solution for the first page (first 21 lines), we drop the current partial solution. Otherwise we choose a line to be mapped to l 22 (in all the possible 64 ways) and apply the 108 automorphisms, which stabilize the fixed lines. If one of them maps the current solution to a lexicographically smaller one, we drop the current partial solution. If the spread is mapped to itself, we obtain one of its automorphisms. This way we determine the order of the full automorphism group of the spread while constructing it.
Classification results
General remarks
All the constructed spreads and invariants which we computed for them are available online at http://www.moi.math. bas.bg/ ∼ svetlana. The classification results are summarized in several tables below. The notations used in the tables for the presented invariants are
• cov5 -the number of 5-subspaces which are fully covered by spread lines. This number is at least 5, because the book spreads we consider have 5 pages.
• cov3 -the number of 3-subspaces which are fully covered by spread lines. This number is at least 21, because each page of a (7, 2, 5, 3) 1(2) book spread contains the spine and four other 3-subspaces.
• Sp -the number of covered 3-subspaces which are spines. It is possible that we constructed a (7, 2, 5, 3) t spread, while some of these Sp spines are spines of a (7, 2, 5, 3) t ′ book spread, where t ̸ = t ′ . If Sp = 1, the spread is simple. • lSp -the number of spread lines which define a covered 3-subspace with any other spread line. Such a line is actually the spine of a (7, 2, 3, 1) book spread and can be the spine of the pages of a (7, 2, 5, 3) 1 book spread. For a (7, 2, 5, 3) 1 this number is at least 1.
• |Aut| -the order of the full automorphism group of the spread.
• spr -the number of spreads.
We also compute the number of 3-subspaces which contain exactly 3 (4) spread lines, but it is not given in the tables. (7, 2, 5, 3) 1 and (7, 2, 5, 3) 2 with isomorphic pages
Book spreads of kinds
We find out that all (7, 2, 5, 3) 1(2) book spreads of type 11111 are (7, 2, 5, 3) 1+2 book spreads. Their number is 13. Classification results about them are presented in Table 3 . The Desarguesian spread is among them having the extremal value of all calculated invariants.
In Tables 4-9 we present classification results for (7, 2, 5, 3) 1(2) book spreads with pages of types t 2 , t 3 and t 9 . The number of spreads with pages of types t 4 . . . t 8 is much bigger and we could not complete their classification.
There are 188 (7, 2, 5, 3) 1+2 book spreads among the spreads of type 22222. Book spreads of kinds (7, 2, 5, 3) 1+2 have a lot of additional geometry and we were able to classify all of them (Table 10 ). The (5, 2, 3, 1) book spreads in four of their pages must have at least two lines that are spines of this (5, 2, 3, 1) and at least nine 3-subspaces which are covered by spread lines. This holds only for pages of types t 1 and t 2 ( Table 1) . That is why only one of the pages of a (7, 2, 5, 3) 1+2 can be of any page type; the other four ones should be of type t 1 or t 2 .
Comments on the computer classification
Correctness
All computer results are obtained by our own C++ programs. The following facts can serve as a partial check of their correctness:
• By viewing V (4, 4) as V (8, 2) the 85 points of PG (3, 4) become the 85 lines of a Desarguesian line spread in PG (7, 2) and thus the order of the stabilizer of the Desarguesian spread is |Γ L(4, 4)| = 2|GL(4, 4)|. The order computed by our software is the same and the invariants are as expected.
• The same software used with other parameters obtains the nine book spreads in PG(5, 2) and their invariants. Table 9 (7, 2, 5, 3) 2 book spreads of type 99999.
• The same number of (7, 2, 5, 3) 1+2 book spreads of types 11111 and 22222 was obtained among the (7, 2, 5, 3) 1 and the (7, 2, 5, 3) 2 spreads of types 11111 and 22222, and also among the constructed (7, 2, 5, 3) 1+2 book spreads.
• The calculated by our software orders of the full automorphism groups of the constructed spreads are divisible only by divisors of the full automorphism group of PG(7, 2).
• All constructed spreads which are simple (Sp = 1 in the tables) and possess automorphisms of order 5 are page-cyclic.
This coincides with Theorem 5.
Page-cyclic book spreads
We examined the automorphisms of all constructed spreads which possess an automorphism of order 5. It turned out that most of the constructed book spreads which have automorphisms of order 5 are page-cyclic. These automorphisms fix all spine lines of page-cyclic (7, 2, 5, 3) 1 and have no fixed lines for page-cyclic (7, 2, 5, 3) 2 . The Desarguesian spread has automorphisms of order 5 of both types. There are only 4 spreads which possess automorphisms of order 5, but are not page-cyclic. They are all (7, 2, 5, 3) 1+2 book spreads. Two of them (one of type 11113 and with |Aut| = 1105 920, and one of type 11112 and |Aut| = 1658 880) have an automorphism of order 5 which fixes the five lines of one 3-dimensional page of the (5, 2, 3, 1) book spread in one of the pages. One of the spine lines is among these fixed lines, but the other four spine lines are not fixed. The automorphisms of order 5 of the other two non page-cyclic spreads (of type 11111 and with |Aut| = 207 360 and |Aut| = 6480) permute cyclically the spine lines, fix one line from each page and map each page to itself.
Conclusion
The concept of book t-spreads offers further geometric properties to restrict the amount of objects such that classification becomes feasible for theoretical investigation and computer search.
As it was expected, (7, 2, 5, 3) 1(2) book spreads include many spreads which cover a lot of subspaces and possess rich automorphism groups. This makes us believe that a further study of book spreads is of particular interest.
